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Causal Recursive Parameter Estimation for
Discrete-Time Hidden Bivariate Markov Chains

Yariv Ephraim, Fellow, IEEE, and Brian L. Mark, Senior Member, IEEE

Abstract—An algorithm for causal recursive parameter estima-
tion of a discrete-time hidden bivariateMarkov chain is developed.
In this model, a discrete-time bivariate Markov chain is observed
through a discrete-time memoryless channel. The algorithm relies
on the EM-based recursive approach developed by Stiller and
Radons for hidden Markov models. A distinct advantage of the
discrete-time hidden bivariate Markov chain model is that the
sojourn time distribution of its observable process in each state is
phase-type rather than geometric as in the hidden Markov model.
Phase-type distributions can approximate any desired sojourn
time distribution. Particular phase-type distributions include mix-
tures and convolutions of geometric distributions. The parameter
estimation algorithm requires causal recursive estimation of the
relevant statistics in each EM step. These statistics include the
number of jumps of the bivariate Markov chain from one state
to another, including self transitions, in the given observation
interval, and first- and second-order statistical averages of the
observable process in each state when the memoryless channel is
Gaussian. We develop the explicit recursions and demonstrate the
performance of the algorithm in estimating the model’s parameter
and its sojourn time distribution in a numerical example.

Index Terms—Markov processes, recursive estimation.

I. INTRODUCTION

R ECURSIVE parameter estimation is of great practical
and theoretical importance since it enables online update

of the parameter estimate as new data becomes available. A
recursive variant of the popular EM approach was first pro-
posed in [17], and then in [38] for estimating the parameter of
a hidden Markov model (HMM). In this approach, estimates of
the parameter and corresponding relevant statistics are updated
in turn at each data point. By relevant statistics we mean the
function or functions of the raw data which are needed in esti-
mating the parameter of the model. For example, the relevant
statistics for estimating the transition matrix of the underlying
Markov chain in an HMM, is given by the number of jumps
from each state to any other state, including self transitions, in
the given observation interval. The estimates of the relevant
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statistics are updated based on the last parameter estimate and
the new observation, and the parameter estimate is updated
based on the newly estimated statistics in a manner similar to
that used by the EM algorithm. The approach was applied in
[38] to finite-alphabet HMMs and its empirical convergence
was demonstrated. It was pointed out in [38] that the approach
is applicable to HMMs with continuous alphabets, for example,
to HMMs with conditionally normal distributions. A similar
approach was proposed about a decade later for finite-alphabet
HMMs in [30], and subsequently for continuous alphabet in
[8].
In this paper we adopt the approach of [38] and apply it to a

discrete-time hidden bivariate Markov chain. This is a discrete-
time bivariate Markov chain observed through a discrete-time
memoryless channel. For comparison, an HMM is a discrete-
time univariate Markov chain observed through a discrete-time
memoryless channel [15, Section IV-A]. A bivariate Markov
chain comprises a pair of random processes which are jointly,
but not necessarily individually, Markov. Necessary and suffi-
cient conditions for each of the two processes of the bivariate
Markov chain to be Markov were given in [22, Theorem 6.3.2]
for discrete-time Markov chains, and in [2, Theorem 3.1] for
continuous-time Markov chains. In this paper, at least one of
the two processes comprising the bivariate Markov chain is not
Markov. The sojourn time of the bivariate Markov chain in each
pair of joint states has a geometric distribution, just like in any
univariate Markov chain. On the other hand, the sojourn time
of the non-Markovian process of the bivariate Markov chain
in each of its states has a discrete phase-type distribution [14,
Eq. 8.7]. Thus, if the observable process of the hidden bivariate
Markov chain is made dependent only on the non-Markovian
process of the bivariate Markov chain, then the sojourn time
distribution of the observable process in each of the depend-
able states is also phase-type. In HMMs, the distribution of the
sojourn time of the observable process in each hidden state is
geometric. Discrete, as well as continuous, phase-type distri-
butions were introduced by Neuts [31]. The family of discrete
phase-type distributions is very rich, and it contains the distribu-
tions of sums of independent geometric random variables, and
mixtures of geometric distributions, as particular cases.
The hidden bivariate Markov chain model is a hidden

semi-Markov process. An excellent reference on semi-Markov
chains is [9, Chap. 10]. Converting an HMM into a hidden
semi-Markov process with more favorable sojourn time distri-
bution than the geometric distribution, was studied as early as
1980 in the pioneering work of Ferguson [18] in the context
of speech recognition. In that approach, the HMM is supple-
mented with an explicit durational model which characterizes
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the distribution of the sojourn time of the observable process in
each of the hidden states. Many papers have followed the work
in [18], see, e.g., [20], [41], the survey of hidden semi-Markov
processes with explicit durational model in [40], and the text
[3]. The hidden bivariate Markov chain offers a natural struc-
ture without the need to specify an explicit distribution for the
sojourn time. The most desirable distribution for a particular
application is often unknown. Furthermore, estimation of the
parameter of the hidden bivariate Markov chain is significantly
simpler than that of the hidden semi-Markov process with
explicit durational model. The hidden bivariate Markov chain
was recently applied to cognitive radio spectrum sensing using
batch EM parameter estimation in [32], and Rydén’s [37] recur-
sive parameter estimator in [39]. For cognitive radio spectrum
sensing, characterization of the non-geometric sojourn time of
the process in each state is of crucial importance. Another ap-
proach, called “iterative conditional estimation,” was proposed
for batch estimation of the parameter of a hidden semi-Markov
process with non-explicit durational model in the form of a
trivariate Markov chain [25].
Multivariate Markov chains have been studied over many

years, and their established properties have been applied in
numerous application areas. For example, in 1966 Baum and
Petrie introduced a bivariate Markov chain in their analysis
of the hidden Markov model [4]. In 1973 Rudemo defined a
bivariate Markov chain and discussed its relation to an ag-
gregating function of a continuous-time Markov chain [35].
The underlying standard state space model developed in the
1960s and used in Kalman filtering, is a multivariate Markov
process. The observable process in that model is a hidden
multivariate Markov process. Other examples of multivariate
Markov processes include Itô processes; Markov modulated
Poisson processes; Markov modulated Markov processes;
batch Markovian arrival processes; aggregating functions of
Markov chains, and variations of hidden Markov processes,
see, e.g., [12]. A survey of these processes and their parameter
estimation may be found in [14]. Most of these continuous-time
models have discrete-time counterparts. Lumpability properties
of discrete-time Markov chains were developed in [22], and
of continuous-time multivariate Markov chains in [2]. Central
limit theorems for multivariate semi-Markov sequences were
developed in [1]. More recently, bivariate and trivariate Markov
chains were studied and applied in a series of papers, utilizing
the non-Markovian nature of the process components, see,
e.g., [10], [24], [25], [34], and the references therein. These
models were referred to as pairwise and triplet Markov chains,
respectively.
A key to the recursive parameter estimation approach of [38],

is the development of causal recursive estimators of the relevant
statistics of the model. In this paper we develop such estima-
tors for the discrete-time hidden bivariate Markov chain, and
for the discrete-time bivariate Markov chain. These recursions
apply to continuous and finite-alphabet HMMs, respectively.
We study the recursions numerically and make a comparison
with the batch EM algorithm. Analysis of the recursive param-
eter estimation algorithm, and any asymptotic performance re-
sults, are rather difficult to obtain due to the adaptive nature of

the algorithm [7]. The numerical study is interesting and pro-
vides some insight into the workings of this algorithm.
For completeness, we mention the work of Holst and Lind-

gren [21] and Rydén [37] on recursive parameter estimation
for HMMs using stochastic approximation procedures, and the
work of LeGland and Mevel [27] on recursive maximum like-
lihood parameter estimation for HMMs. Asymptotic properties
of the first two algorithms were established in [37], and of the
third algorithm in [27]. All three algorithms require projection
of the recursively estimated parameter onto the parameter space
at the end of each iteration. Such projection is not required in the
recursive EM-based procedure considered here.
The plan for this paper is as follows. In Section II we present

the discrete-time hidden bivariate Markov chain. In Section III
we outline the recursive parameter estimation approach for
the hidden bivariate Markov chain. In Section IV we derive
the causal recursions for the relevant statistics of the model.
In Section V we present the results of a numerical study. In
Section VI we provide some concluding remarks.

II. HIDDEN BIVARIATE MARKOV CHAIN

In this section we define the hidden bivariate Markov chain
and present some of its relevant properties. Throughout this
paper, we denote random variables by capital letters, and real-
izations of random variables by lowercase letters. We also de-
note a sequence of random variables, say , by
. The parameter of the hidden bivariate Markov chain is de-

noted by . This parameter will be defined shortly. We use
to denote a probability measure, and to denote a density of
.

A. The Model

Let denote a discrete-time fi-
nite-state homogeneous bivariate Markov chain. This process
comprises a pair of random processes, say , which
are jointlyMarkov. The individual chains and need not be
Markov, and we assume that the process is not Markov. The
state space of is denoted by , and the state space of is
denoted by . The state space of is given by .
We assume without loss of generality that and

for some finite and . Furthermore, we assume
that the state pairs are ordered lexicographically,
and we denote the transition probability of by

(1)

The transition matrix is conveniently
written as a block matrix , where

is an matrix. The -chain is
Markov if and only if for every , is indepen-
dent of [22, Theorem 6.3.2]. A similar condition can be stated
for the -chain to be Markov upon re-partitioning of the transi-
tion matrix . When is irreducible, it has a unique stationary
distribution satisfying [19, Theorem 6.9.21]. The
process is stationary if and only if
for all . We denote by any initial distribution of
, not necessarily the stationary distribution. The element of
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that corresponds to state is denoted by . We also use
.

Statistical properties of discrete-time bivariate Markov
chains were detailed in [14], [32, Chapter 8]. In particular,
it was shown that the sojourn time of the non-Markovian
process in each state has a discrete-time phase-type
distribution with probability mass function (pmf) given by

(2)

where denotes a column vector of given dimension where
all of its entries are ones, and . The parameter
of this pmf is [31, p. 46]. The family of phase-type
distributions is dense in the set of distributions on
[26, p. 54]. In discrete time, it contains the distributions of sums
of independent geometric random variables as well as mixtures
of geometric distributions.
Suppose now that is observed through a memoryless

channel whose output is given by .
The joint density of the input and output of the channel is
assumed to satisfy the following relations:

(3)

for any positive integer . Thus, the process is assumed
Markov, and for each , is conditionally independent of

given .
The model described so far is consistent with the standard

HMM since it constitutes a Markov chain observed through a
memoryless channel, see, e.g., [15, Eq. 4.1]. The transition den-
sity of the channel is given by . The facts
that the Markov chain is bivariate rather than univariate, and
that depends on the pair of states rather than on
alone, are immaterial, since the standard HMM can be ob-

tained by renaming the states in a larger state space.
For this reason, we shall assume without loss of generality that

. It is well-known that the so-
journ time of the observable process of an HMM in each state
of is geometrically distributed, with parameter that depends
on the underlying state. The geometric sojourn time distribution
was found to be inadequate in certain applications as explained
in Section I.
In the hidden bivariate Markov chain studied in this paper, we

assume that for each time instant , is independent of given
. That is, . In this model, the ob-

servable process inherits its sojourn time from the non-Mar-
kovian process , rather than from the Markovian process ,
and hence, the sojourn time distribution of in each state of
is discrete phase-type rather than geometric [14], [32, Eq. 8.7].
The algorithm for batch maximum likelihood estimation of the
parameter of the hidden bivariate Markov chain is essentially
the Baum algorithm for estimating the parameter of an HMM
[32]. Hence, the proposed hidden bivariate Markov chain pro-
vides an elegant alternative to the HMM with more favorable
and far more versatile sojourn time distributions [16], [32]. In

this paper we focus on sequential parameter estimation for the
hidden bivariate Markov chain and for the HMM. Parameter es-
timation for the two models can be discussed simultaneously as
we shall see in the subsequent sections.

B. Likelihood of Observable Process

Define the conditional distribution

(4)

and the corresponding transition density

(5)
Recall that the states are ordered lexicographically. De-
fine the transition density matrix by

(6)

The transition density matrix for the HMM version of our
model, i.e., when depends on , is given in terms of the
transition matrix from (1) and the density which corre-
sponds to . We denote that density by

where is its parameter. When this density is normal,
then, , where denotes the mean and
denotes the variance. For the hidden bivariate Markov chain
version of our model, i.e., when given is independent
of , the density is independent of and is given by

. In either case,

(7)

where for the HMM version,

(8)

and for the hidden bivariate Markov chain version,

(9)

where is an identity matrix. Define the 1 row vector
. Then, the likelihood function of

the hidden bivariate Markov chain is given by

(10)

We do not necessarily assume that the marginal distribution
of corresponds to the stationary distribu-

tion of . The parameter of our model comprises the initial
distribution , the independent entries of , and
for the HMM and for the hidden bivariate

Markov chain.

C. Forward Matrix Recursions

The recursive estimators derived in this paper are conve-
niently expressed in terms of

(11)
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where . For a fixed , we have

(12)

where is an identity matrix. For , define
, and let . We have,

(13)

Note that for a given parameter and observation sequence
, the element of is given by

(14)

and the element of is given by

(15)

Numerical stability of the recursions in (12) and (13) is im-
proved when scaling is introduced in each iteration. It is in-
structive to start with the description of the scaled version of

, which we denote by . Let , and let
. The scaled version of (13) is given by

(16)

where

(17)

It follows that

(18)

, for , and the
component of is given by

. The scaled version of is given by

(19)

where is given in (17). The recursion does not enjoy
an appealing probabilistic interpretation as .
Clearly, and are reminiscent of the forward and back-

ward densities of the HMM, respectively. The difference here
is that for a fixed , is amenable to a forward recur-
sion in , while in the theory of HMMs, a fixed is used
when considering an observation sequence , and a backward
recursion in is utilized. The idea of using , as defined, in a
forward recursive mode is due to Stiller and Radons [38].

III. PARAMETER ESTIMATION APPROACH

Our goal is to recursively estimate the parameter of the
hidden bivariate Markov chain from a sequence of observations
. Consider first the batch EM algorithm, and assume that

is the parameter estimate at the end of the th iteration. At the

conclusion of the st iteration, the new estimate of is
given by

(20)

and the new estimate of is given by

(21)

where denotes the conditional mean estimate given
of the number of transitions of from to in .
This number includes self transitions. Using the indicator func-
tion

otherwise,
(22)

the number of transitions is given by

(23)

and

(24)

For an HMM with normal densities ,
with mean and variance when , define

(25)

for . Note, for example, that if the observations
are clustered into the various states of the HMM, then

is the sum of the observations associated with state
. Let

(26)

The new estimates of the mean and variance at the conclusion
of the st iteration are, respectively, given by,

(27)

(28)

For a hidden bivariate Markov chain, and are reduced
to and , respectively. Thus, in
(27) and (28) should be substituted by .
It is well-known that the conditional probability in (24), and
hence in (20) and (26), may be efficiently implemented using
forward-backward recursions.
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In the EM approach, the entire data is used to update the
estimate of the parameter in each iteration, and the value of the
parameter remains fixed during each iteration. The value of the
parameter may change only from one iteration to the next iter-
ation. Here we adopt the approach of Stiller and Radons [38],
in which the parameter is estimated recursively rather than
iteratively. The recursive approach utilizes forward recursions
for updating the estimates in (20), in (24), and

in (26), for . These recursions are devel-
oped in the next section.
The recursive parameter estimation proceeds as follows. Sup-

pose that at time , a new observation becomes avail-
able while the current estimate of the parameter is . Using

, a new parameter estimate is generated by recur-
sively updating , , and , and substituting
the updated and into (21), and (27) and (28),
respectively. Note that if the estimates of the relevant statistics
are recursively updated for while the parameter is
kept fixed at its initial value, and the parameter estimate is up-
dated once only at , then a single EM iteration results.

IV. RECURSIONS FOR HIDDEN BIVARIATE MARKOV CHAIN

In this section we develop the causal forward recursions
required to implement the recursive parameter estimation
approach. We develop the recursions for HMM with normal
distributions, and comment on the modifications which are
required in order to obtain the recursions for the hidden bi-
variate Markov chain model with normal distributions. We
shall also develop causal forward recursions for the statistics of
a bivariate Markov chain. To simplify notation, we shall refer to
the current parameter estimate at as rather than .

A. Initial Distribution

The density , required for estimating
in (20), can be obtained from
by summing over all in . The inclusion of the additional
condition of is consistent with the state augmenta-
tion approach of Zeitouni and Dembo [42], and it facilitates the
derivation of the desired forward recursions. The approach has
been extensively used in the literature, see, e.g., [11], [13].
Let denote a 1 row vector whose component

is given by . A recursion for
is obtained as follows. Let denote a 1 column

vector with a one in the position and zeros elsewhere.
Then,

(29)

where denotes matrix transpose. Dividing both sides of (29)
by , and using (19), we obtain,

(30)

Hence,

(31)

and the estimate of at time is given by

(32)

The corresponding recursion for the hidden bivariate Markov
chain follows when is evaluated using (9) instead of (8).

B. Transition Matrix

A recursion for is obtained by utilizing the state
augmentation approach of [42] as follows. Define a 1 row

vector whose component is given by

(33)

The estimate is given by

(34)

and from (21), the estimate of at time is given by

(35)

The estimate is obtained by applying the Bayes

rule to the summand of (33), and by using the Markov property
of . The derivation is similar to that given in [29] for a
continuous-time bivariate Markov chain. We have

(36)



EPHRAIM AND MARK: CAUSAL RECURSIVE PARAMETER ESTIMATION FOR DISCRETE-TIME HIDDEN BIVARIATE MARKOV CHAINS 2113

where we have interpreted as being equal to .
Hence, for ,

(37)

where , and is calculated using (16). This
is the recursion for the HMM. The corresponding recursion for
the hidden bivariate Markov chain is obtained when is
evaluated using (9) instead of (8), and similarly, in (37)
is replaced by for all .

C. Mean and Variance of Normal Distribution

Define the 1 row vector whose element
is given by

(38)
Let denote the estimate of given . From (27),

(39)

Let denote the estimate of given . From (28),

(40)

A recursion for follows from a procedure similar to
that used in the derivation of (36), and from (7) and (16). We
have for ,

(41)

where .
For a hidden bivariate Markov chain, the recursion (41)

should be summed over all and used in (39) and (40) to
produce the estimates of and , respectively. In evaluating
this recursion, (9) instead of (8) should be used, and similarly,

should be used instead of for all .

D. Recursive Auxiliary Function

The recursive algorithm described above may also be derived
from maximization of a recursive version of the EM auxiliary
function. That function is given by

(42)

where is the assumed known parameter at a given EM iter-
ation. Excluding estimation of the initial distribution, the aux-

iliary function for estimating can be ob-
tained from summation of

(43)

over . Following a procedure similar to that
used in the derivation of (37), it can be shown that the 1 row
vector , whose component is given in (43), satisfies
the following recursion:

(44)

where , , and , are calculated based on

. Maximization of over , sub-
ject to suitable constraints, results in the EM re-estimation for-
mulas in (35), (39), and (40) which incorporate the recursions

for and from (37) and (41), respectively. Un-
fortunately, a true EM recursion is not possible with this proce-
dure, since in an EM recursion must remain fixed for all ’s,
while here is taken to be the last parameter estimate corre-
sponding to time .
Recursive estimation of the auxiliary function for indepen-

dent identically distributed data from the exponential family,
using stochastic approximation, was studied in [7].

E. Exponential Forgetting

The recursions for and , may be heuristi-
cally modified to emphasize the probability of events at time
instants closer to than at earlier time instants. This is done
here, similarly to [38], by introducing an exponential forget-

ting factor. We demonstrate this approach for only. For
and a given parameter , the modified

is given by

(45)

The resulting recursion is given by

(46)

Moreover, by summing (45) over all we obtain

(47)
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which can be used in (46). Other forgetting factors besides the
exponential one used here are possible.
Note that in classical recursive estimation, the exponential

forgetting factor is applied to the error criterion, e.g., to the sum
of squared errors in weighted least squares, while here it was
applied to an estimate of a statistic from which the desired pa-
rameter is estimated. This is due to the use of the maximum like-
lihood criterion which does not involve an explicit error term.

F. Recursions for Bivariate Markov Chains

In this section we provide recursions for estimating the ini-
tial distribution and the transition matrix of a bivariate Markov
chain. For this model, is the observable process and is
the underlying process. This model generalizes finite-alphabet
HMMs. Forward matrix recursions similar to those given in
Section II-C can be defined here, with in (5) replaced
by , and in (6) replaced by .
The recursion for estimating the initial distribution of
given can be derived similarly to (31) and (32).

Let , and let denote
the 1 row vector whose th component is given by

. Then,

(48)

fromwhich the desired estimate is obtained as . The tran-
sition matrix estimate is obtained from (35) where the th com-
ponent of the vector is defined by

(49)

Following a procedure similar to that used in the derivation of
(37), it can be shown that the vector satisfies the fol-
lowing recursion:

(50)

V. NUMERICAL EXAMPLE

In this section, we illustrate the proposed causal recursive pa-
rameter estimation approach with a simple numerical example.
We have used a bivariate Markov chain with order
and transition matrix given by

(51)
Note that and hence the -chain of the
bivariateMarkov chain is notMarkov. It can be shown similarly,

by re-partitioning , that the -chain is also not Markov. The
bivariate Markov chain was assumed to be observed through
a white Gaussian channel. The vector of means and the vector
of variances of the two conditionally Gaussian densities of the
channel are, respectively, given by

(52)

We denote this true parameter of the hidden bivariate Markov
chain by . We have tried two different initial distributions
which will be specified shortly.
The process and estimators were implemented in Python

using the NumPy library. We used the value for
the exponential forgetting factor. In practice, a warmup period
is needed in order to obtain meaningful values for the statistics

and . During that period, only these estima-
tors are updated while the initial parameter estimate remains
fixed. Following the warmup period, the alternate estimation
procedure described in Section III is followed, where the
parameter and statistics estimates are updated for each new
observation. In our numerical work, we have set the warmup
period to the first 200 observations.
The first set of results is shown in Table I. Here, we have

estimated the parameter of the hidden bivariate Markov chain,
using the causal recursive approach of this paper, from a set
of 50 sequences, each consisting of 100,000 observations,
which were generated using the true parameter . The initial
parameter estimate is shown as . The parameter estimates
obtained from and the observation sequences are denoted
by . In the table, denotes the average
of these estimates, and denotes the sample mean
squared error (MSE), in estimating each component of . The
table also shows the sample mean, , and the sample
MSE, , in estimating each component of using the
batch (or non-causal recursive) EM approach from Section III.
This approach was applied to the first 2,000 observations
from each sequence, and the EM was allowed to complete 50
iterations for each estimate. By using 2,000 data samples from
each observation sequence in each of the 50 EM iterations, we
have effectively used the equivalent of the 100,000 samples
employed by the causal estimation in each sequence. These
results show that the accuracy of the causal estimates is similar
to that of the non-causal estimates and even better for some of
the parameter components. The estimates for the components
of the parameter associated with the observable process, i.e.,
and , are very accurate, whereas those for the transition ma-
trix of the underlying bivariate Markov chain are considerably
less accurate.
Fig. 1 shows the transient behavior of the causal estimator for

selected components of the transition matrix: , ,
, and . During the first 200 time units, the causal

parameter estimate is equal to the initial parameter. From Fig. 1,
the estimates appear to change substantially until about

, after which the estimates change more slowly, appearing
to converge by . Fig. 2 shows the transient behavior of
the causal estimates for and . In contrast to the estimates
for the transition matrix, the estimates for and converge
very quickly to their true values.



EPHRAIM AND MARK: CAUSAL RECURSIVE PARAMETER ESTIMATION FOR DISCRETE-TIME HIDDEN BIVARIATE MARKOV CHAINS 2115

TABLE I
COMPARISON OF CAUSAL AND NONCAUSAL PARAMETER ESTIMATES WITH INITIAL

PARAMETER AND TRUE PARAMETER GIVEN BY (51)–(52)

Fig. 1. Transient behavior of causal estimator for four components of the tran-
sition matrix .

Fig. 2. Transient behavior of causal estimator for components of and .

The initial parameter used in Table I is relatively “close” to
the true parameter given in (51)–(52). Table II compares the
causal and non-causal parameter estimates for a different initial
parameter , which bears less resemblance to the true param-
eter , except for the component , which is slightly “closer”
to the true value in this case. We see that the accuracy of the pa-
rameter estimates, both causal and non-causal, are significantly
poorer here, with the exception of the observation parameter
components and . Nevertheless, the accuracy of the causal

and non-causal parameter estimates are again similar with re-
spect to each other.
The estimates of the transitionmatrix obtained from the initial

parameter shown in Table II resulted in relatively large bias and
highMSE. It is interesting to note that these same estimates may
still be useful by providing reasonably accurate representations
of certain statistics of the hidden bivariate Markov chain, which
are more relevant than the bias and MSE measures in a given
application. Of particular interest is the representation of the pa-
rameter of the phase-type sojourn time distribution of the hidden
bivariate Markov chain. Fig. 3 shows four phase-type pmfs for
state 2, as obtained from (2), using the true parameter, the initial
parameter from Table II, and two causal parameter estimates ob-
tained from two sequences of 100,000 and 200,000 samples, re-
spectively. The phase-type pmfs corresponding to these two es-
timates are denoted by “est-100k” and “est-200k,” respectively.
Clearly, both parameter estimates improve the representation of
the phase-type pmf of the bivariate Markov chain as obtained
from the initial parameter, and the “est-200k” phase-type pmf
estimate virtually coincides with the true phase-type pmf of the
bivariate Markov chain.
Fig. 4 shows similar phase-type pmfs for state 1 as obtained

from the initial parameter from Table II, the true parameter, and
three causal parameter estimates obtained using three data se-
quences of increasing length. For this state, the true phase-type
pmf does not resemble the geometric pmf as is the case with
state 2. The dashed curve labelled “est-100k” corresponds to the
causal parameter estimate from Table II. Here, the “est-100k”
curve is closer to the phase-type pmf associated with the initial
parameter than that associated with the true parameter. When
200,000 observations were used, the causal parameter estimate
yielded a phase-type pmf that is significantly closer to that for
the true parameter. Increasing the number of observations to
400,000, resulted in further, though marginal, improvement in
the estimate of the phase-type pmf of state 1.
Figs. 3 and 4 demonstrate that the phase-type pmfs associated

with the causal parameter estimates could converge to the true
phase-type pmfs, even when the parameter estimate itself does
not converge to the true parameter. However, the results shown
in Fig. 4 suggest that the convergence speed can be rather slow.
It should be noted that the shape of the phase-type pmf can be
quite sensitive to the true values of the components in the tran-
sition matrix; i.e., small changes in these values can result in
significant changes to the shape of the phase-type pmf curve.
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TABLE II
COMPARISON OF CAUSAL AND NON-CAUSAL ESTIMATES FOR ANOTHER INITIAL PARAMETER AND TRUE PARAMETER GIVEN BY (51)–(52).

Fig. 3. State 2 sojourn time distributions for true parameter, initial parameter,
and parameter estimates.

Fig. 4. State 1 sojourn time distributions for true parameter, initial parameter,
and parameter estimates.

VI. COMMENTS

We have developed an algorithm for recursive parameter es-
timation for a hidden bivariate Markov chain. The motivation
for using this model lies in its significantly more general so-
journ time distribution compared to that of the HMM. We have
developed forward recursions for all statistics required by the
EM-based recursive parameter estimation algorithm. Numeric

results show that upon convergence, the quality of the estimates
obtained using the recursive parameter estimator is similar to
that obtained using the batch EM approach. If the maximum
likelihood estimator is achieved by either procedure, then con-
sistency and asymptotic normality of the estimator could be in-
ferred from similar results developed for the HMM [5], [28].
We have used the bias and the mean squared error to eval-
uate and compare the various parameter estimates. Furthermore,
we showed that the sojourn time distributions of the estimated
models match quite closely those of the true model.
We note that the algorithm could also be used in a blockmode.

Here, the parameter estimate at the beginning of each data block
is kept constant while the estimates of the relevant statistics are
recursively updated for each data point in the block. Once the
last data point in the block is processed, the parameter estimate
is updated, and the processing of a new block commences in a
similar manner. When the block size is one, we return to the
original algorithm. In our study, we have experimented with
several block sizes, but the block mode approach did not im-
prove on the original scalar recursive approach described in this
paper.
The model studied in this paper is a particular trivariate

Markov process in which
is a bivariate Markov chain, and comprises a se-

quence of conditionally independent random variables given
. When depends only on , then the

trivariate Markov process becomes a standard HMM, see, e.g.,
[15]. When is independent of given , and is not
Markov, the trivariate Markov process becomes the hidden
bivariate Markov chain of this paper. One could remove the as-
sumption that is a bivariate Markov chain, and make
dependent on the pair . In either of the last two models,
depends on a non-Markovian process, and its sojourn time

in each state of the process it depends on, is phase-type. One
could further generalize the process, and introduce dependence
of on previous samples of as well as on . The
reader is referred to the work in [6], [10], [23]–[25], [33], [34]
for possible extensions along these lines. A possible benefit of
the latter model is that it can better capture the correlation of
the process . This, however, could also be accomplished in
our hidden bivariate Markov chain model, by allowing to
be a vector process where the components of each vector are
correlated. Such model is significantly simpler than the general
trivariate Markov process, and is likely to perform satisfactorily
in most practical applications, since ignoring the correlation at
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the boundaries of the vectors of cannot have any significant
effects [36].
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