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Real-Time Mobility Tracking Algorithms for
Cellular Networks Based on Kalman Filtering
Zainab R. Zaidi, Student Member, IEEE, and Brian L. Mark, Member, IEEE
Abstract—We propose two algorithms for real-time tracking of the location and dynamic motion of a mobile station in a cellular
network using the pilot signal strengths from neighboring base stations. The underlying mobility model is based on a dynamic linear
system driven by a discrete command process that determines the mobile station’s acceleration. The command process is modeled as
a semi-Markov process over a finite set of acceleration levels. The first algorithm consists of an averaging filter for processing pilot
signal strength measurements and two Kalman filters, one to estimate the discrete command process and the other to estimate the
mobility state. The second algorithm employs a single Kalman filter without prefiltering and is able to track a mobile station even when a
limited set of pilot signal measurements is available. Both of the proposed tracking algorithms can be used to predict future mobility
behavior, which can be useful in resource allocation applications. Our numerical results show that the proposed tracking algorithms
perform accurately over a wide range of mobility parameter values.
Index Terms—Cellular networks, mobility model, geolocation, pilot signal strengths, Kalman filter.

æ
1

INTRODUCTION

A

S wireless services become more pervasive and location-aware, the need to locate and track mobile stations
accurately and efficiently becomes increasingly important.
A key technical challenge for modern wireless networks is
to provide seamless access and quality-of-service (QoS)
guarantees for mobile users. QoS provisioning can only be
achieved by means of efficient mobility management to
handle the frequent handoffs and rerouting of traffic that
are experienced by a typical mobile station. We distinguish
between mobility tracking, in which the position, velocity,
and acceleration of the mobile user are estimated, versus
conventional geolocation techniques, which only estimate
the position coordinates. Knowledge of velocity and
acceleration information can be used to predict the future
locations of the mobile stations, which in turn can be used
to optimize resource allocation in the network.
One application of great practical interest is fast handoff in
cellular networks. If the occurrence of a handoff from one cell
to another can be predicted ahead of time, the handoff
procedure can be initiated in advance [1], [2]. These predictions can provide a “handoff pretrigger” incorporated in IP
mobility protocols discussed in [3], [4], to provide transparent
network layer mobility management. Another application
area of interest is location-aware services, for example, E911
and Web caching (cf. [5]). In such applications, better qualityof-service can be achieved if the location of the mobile can be
predicted in advance, even on a short time-scale.
Many geolocation technologies have been developed that
can pinpoint the position of a mobile user on the surface of the
earth. The most popular technology in current use, the Global
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Positioning System (GPS), provides the user with position
estimates accurate to within a radius of 10 meters or better by
means of at least four satellites from a system of 24 satellites,
spaced equally in six orbital planes [6], [7]. To operate
properly, however, GPS receivers require a clear view of the
sky, in the line-of-sight of the satellites, which precludes their
use in indoor or RF-shadowed environments. Moreover, the
cost and size of GPS receivers may be prohibitive for small
devices (e.g., sensors) with very limited battery lives that may
be used in pervasive computing environments. Assisted GPS
(AGPS) [8], [9] can work in indoor environments as well as
outdoors, but this technology requires additional signaling
equipment, i.e., AGPS receivers.
Geo-location techniques based on time of arrival (TOA),
time difference of arrival (TDOA) [10], angle of arrival
(AOA) [11], [12], timing advance, and location fingerprinting [13] offer inexpensive network-based alternatives to
GPS, but are far less accurate. These techniques use the
radio signals transmitted by the users instead of additional
satellite signals. However, some of these techniques have
additional infrastructure requirements; for example, AOA
requires an adaptive antenna array to measure the angle of
arrival and the location fingerprinting scheme requires a
large amount of memory to maintain a location database.
While geolocation techniques focus on pinpointing the
location of the user at a given instant of time, mobility tracking
requires an underlying model to characterize the user’s
mobility. Construction of mobility patterns for analysis and
simulation has attracted considerable attention in recent
years (cf. [14], [15], [16], [17]). Such models can be used to
drive simulation models of the wireless network. Several
works have modeled mobile behavior as a random walk or
Brownian motion [18]. In [19], a stochastic model of mobility
based on a pair of coupled differential equations called the
Markovian highway Poisson arrival location model (PALM)
is proposed. A semi-Markov model proposed in [5] incorporates user mobility and requirements. The aforementioned
mobility models, while useful for driving simulations of
Published by the IEEE CS, CASS, ComSoc, IES, & SPS
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mobile networks, have limitations in the range of mobility
that can be captured. To our knowledge, none of these models
is suitable for tracking the velocity and acceleration of a
mobile station in real-time.
Liu et al. [1] proposed a mobility model for wireless ATM
networks based on a dynamic linear system model in which
the mobility state consists of the position, velocity, and
acceleration of the mobile. Originally introduced by Singer
[20] (cf. [21]) for tracking targets in tactical weapons systems,
the dynamic system model can capture a wide range of
realistic user mobility patterns. Based on this model, Liu et al.
[1] developed an algorithm (which we refer to as the LBC
algorithm) for estimating the mobility state using a modified
Kalman filter with observations taken from three independent pilot signal strength measurements, also called RSSI
(Received Signal Strength Indication) measurements, from
three different base stations. In our numerical experiments,
we have found that the LBC algorithm can perform poorly,
particularly when the mobile trajectory includes rapid
changes in acceleration. As discussed later in this paper, the
poor performance of the LBC algorithm is due to some
inaccurate assumptions in the estimation process.
The inaccuracy of the LBC estimator has also been
pointed out by Yang and Wang [2], who proposed an
alternative estimation scheme based on sequential Monte
Carlo (SMC) filtering. The SMC scheme can achieve better
performance than the LBC scheme, but is computationally
intensive and, hence, might not be suitable for real-time
location tracking. The SMC scheme relies on updating and
storing a large number of sample weights. Moreover, the
SMC scheme can suffer from numerical instability, which
necessitates the use of a resampling procedure [2]. However,
we have observed that resampling does not solve the
problem completely and the estimation sometimes has to
be terminated prematurely. A comparison of the performance of the SMC algorithm and the mobility estimators
proposed in this paper is provided in Section 5.
In this paper, we propose two new mobility tracking
algorithms based on RSSI measurements and Kalman
filtering.1 The first algorithm, which we call MT-1, differs
from the LBC algorithm in that the RSSI measurements are
preprocessed with an averaging filter to obtain coarse
position estimates, which are then provided as inputs to a
modified Kalman filter. In contrast to the LBC algorithm, the
modified Kalman filter is used only to generate estimates of
the discrete command process. A key component of the MT-1
algorithm is a second Kalman filter, which produces mobility
state estimates from the raw RSSI measurements and the
discrete command estimates. Our numerical results show
that the MT-1 algorithm performs far more accurately than
the LBC algorithm. The rationale behind the performance
improvement is discussed later in the paper.
Our tracking algorithms can also utilize alternative types
of observation data such as time-of-arrival (TOA) information or coarse tracking information obtained from GPS.
Several schemes have been developed for estimation of
TOA parameters from received signals such as code
tracking and acquisition in spread spectrum systems using
delay lock loop (DLL) or tau-dither loop as described in
1. A preliminary version of this work appeared in [22].
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[23]. Moreover, the GPS receivers can be used to provide
coarse location information, whenever available, to estimate
the mobility state of the mobile station.
In the present paper, we also show how the mobility model
can be used to predict the mobile’s future movements.
Mobility prediction can be used in resource management
algorithms that preallocate resources in anticipation of the
future position of the mobile user. In realistic mobile
networking scenarios, there may be limitations on the amount
of observation data available. We consider two such limitations: 1) RSSI measurement samples from a given base station
may not be available at every time slot and 2) fewer than three
independent RSSI measurements may be available. In the first
case, there may be an insufficient number of observation
samples to perform the averaging properly, as required in the
MT-1 algorithm.
To avoid this problem, we propose a simplified mobility
tracking algorithm called MT-2, which consists of only a
single (extended) Kalman filter, without a prefilter. For the
second limitation on observation data, mobility tracking
may still be possible due to the inherent prior knowledge
retained in the estimation process. This issue is discussed
later in the paper using the concept of observability from
systems theory. Our numerical results show that the MT-2
estimator is able to track mobility adequately with only two
RSSI observations, even when the availability of measurement samples precludes the use of the MT-1 estimator.
When the above limitations on observation data are not
present, MT-1 performs better than MT-2. Both MT-1 and
MT-2 outperform the LBC algorithm under a wide range of
mobility scenarios.
Section 2 discusses the dynamic linear system mobility
model on which our mobility tracking algorithms are based.
Section 3 presents our proposed MT-1 and MT-2 mobility
tracking algorithms and discusses how mobility behavior can
be predicted under the dynamic mobility model. We point
out why the LBC algorithm performs poorly and justify our
proposed schemes for mobility tracking. Section 4 discusses
issues related to mobility tracking under limited observation
data. Section 5 presents numerical results demonstrating the
accuracy and robustness of our proposed mobility tracking
algorithms. Finally, Section 6 concludes the paper.

2

DYNAMIC MOBILITY STATE MODEL

In this section, we discuss a dynamic mobility state model
that was originally developed for tracking maneuvering
targets in tactical weapons systems [20], [21]. The mobility
state model can capture a wide range of mobility scenarios,
including sudden stops and changes in acceleration. More
recently, Liu et al. [1] applied the model to characterize the
mobility of a mobile station in a wireless ATM network.
Our discussion is based on [1], but we correct several errors
which appeared in that paper.
The mobile station’s state at time t is defined by a
(column) vector2
sðtÞ ¼ ½xðtÞ; x_ ðtÞ; x€ðtÞ; yðtÞ; y_ ðtÞ; y€ðtÞ0 ;

ð1Þ

where xðtÞ and yðtÞ specify the position, x_ ðtÞ and y_ ðtÞ specify
the velocity, and x€ðtÞ and y€ðtÞ specify the acceleration in the x
2. The notation 0 indicates the matrix transpose operator.
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and y directions in a two-dimensional grid. The state vector
can be written more compactly as


x ðtÞ
sðtÞ ¼
;
ð2Þ
y ðtÞ
where x ðtÞ ¼ ½xðtÞ; x_ ðtÞ; x€ðtÞ0 and y ðtÞ ¼ ½yðtÞ; y_ ðtÞ; y€ðtÞ0 .
The acceleration vector, a ðtÞ ¼ ½€
xðtÞ; y€ðtÞ0 , is modeled as
follows:
a ðtÞ ¼ u ðtÞ þ r ðtÞ;

Rr ðÞ ¼ E½rrðtÞrr0 ðt þ Þ ¼ 21 ejj I2 ;

ð4Þ

where 21 is the common variance of rx ðtÞ and ry ðtÞ,  is the
reciprocal of the acceleration time constant, and Ik denotes
the k  k identity matrix for any positive integer k.
The process r ðtÞ can be generated by passing a zero-mean,
white Gaussian random process, wðtÞ ¼ ½wx ðtÞ; wy ðtÞ0 ,
through a single pole filter as follows:
r_ ðtÞ ¼ rrðtÞ þ w ðtÞ:

ð5Þ

The autocorrelation function of w ðtÞ is given by
Rw ðÞ ¼ 221 ðÞI2 ;

ð6Þ

where ðÞ is the Dirac delta function. Using (5), the linear
system describing the state evolution in the x-direction can
be written as:
~1 x ðtÞ þ B
~1 ux ðtÞ þ C~1 wx ðtÞ;
x_ ðtÞ ¼ A

ð7Þ

where
2

0
~1 ¼ 4 0
A
0

3
2 3
2 3
1 0
0
0
~1 ¼ 4 0 5; C~1 ¼ 4 0 5:
0 1 5; B
0 

1

ð8Þ

ð12Þ

where
Z

~

A ¼ eAT ; B ¼

tþT

~

~d
eAðtþT Þ B

ð13Þ

eAðtþT Þ C~wðÞd:

ð14Þ

t

and
wn ¼

Z

ðnþ1ÞT

~

nT

The vector w n is a 6  1 column vector.4 The matrices A and
B are given in Appendix A. The process wn is a discretetime zero mean, stationary Gaussian process with autocorrelation function Rw ðkÞ ¼ k Q, where 0 ¼ 1 and k ¼ 0
when k 6¼ 0 [20]. The matrix Q, the covariance matrix of wn ,
is given in Appendix B.
In a cellular network, the distance between the mobile unit
and a reachable base station can be inferred from the Received
Signal Strength Indication (RSSI) or pilot signal of the base
station. The RSSI, measured in dB, is typically modeled as the
sum of three terms: path loss, shadow fading, and fast fading.
Fast fading is assumed to be sufficiently attenuated using a
low pass filter. Therefore, the RSSI received at the mobile unit
from the base station in cell i with coordinates ðai ; bi Þ at time n
is given by (cf. [25], [26], [27], [28])
pn;i ¼ i  10 logðdn;i Þ þ

ð15Þ

n;i ;

where i is a constant determined by the transmitted
power, wavelength, antenna height, and gain of cell i,  is a
slope index (typically,  ¼ 2 for highways and  ¼ 4 for
microcells in a city), n;i is a zero mean, stationary Gaussian
process with standard deviation  typically from 4-8 dB,
and dn;i is the distance between the mobile unit and the base
station, given by
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
ð16Þ
dn;i ¼ ðxn  ai Þ2 þ ðyn  bi Þ2 :
To locate the mobile station in the two-dimensional plane,
three distance measurements to neighboring base stations are
sufficient. Thus, the observation vector consists of the three
largest RSSIs denoted pn;1 , pn;2 , pn;3 , given as follows:
o n ¼ ðpn;1 ; pn;2 ; pn;3 Þ0 ¼ hðssn Þ þ

Similarly, the state equation for the y-direction is given by
~1 y ðtÞ þ B
~1 uy ðtÞ þ C~1 wy ðtÞ:
y_ ðtÞ ¼ A

snþ1 ¼ Assn þ Bu
un þ w n ;

ð3Þ

where u ðtÞ ¼ ½ux ðtÞ; uy ðtÞ0 is a discrete command process
and r ðtÞ ¼ ½rx ðtÞ; ry ðtÞ0 is a zero-mean Gaussian process
chosen to cover the gaps between adjacent levels of the
process u ðtÞ. The command processes ux ðtÞ and uy ðtÞ are
modeled as semi-Markov processes that take values from a
finite set of acceleration levels L ¼ fl1 ;    ; lm g. Thus, the
process u ðtÞ takes values in the set M ¼ L  L. The
autocorrelation function of r ðtÞ is given by
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where

n

¼ð

n;1 ;

n;2 ;

0

n;3 Þ

n;

ð17Þ

and

ð9Þ

hðssn Þ ¼   10 logðddn Þ;

~sðtÞ þ B
~uðtÞ þ C~wðtÞ;
s_ ðtÞ ¼ A

ð10Þ

where  ¼ ð1 ; 2 ; 3 Þ0 and dn ¼ ðdn;1 ; dn;2 ; dn;3 Þ0 . The covariance matrix of n is given by R ¼ 2 I3 .
To estimate the mobility state vector s n , the observation
equation, (17), is linearized as follows:5

~ ¼ I2  A
~1 ; B
~ ¼ I2  B
~1 ; C~ ¼ I2  C~1 ;
A

ð11Þ

Combining (7) and (9) yields the overall state equation

where3

and  denotes the Kronecker matrix product (cf. [24]).
By sampling the state once every T time units, the system
can be characterized in terms of the discrete-time state
vector sn ¼ sðnT Þ. The corresponding discrete-time state
equation is given by
~ on p. 934 of [1] is
3. The expression for the matrix corresponding to B
incorrect.

o n ¼ hðssn Þ þ Hn ssn þ

n;

ð18Þ

ð19Þ

where sn is the nominal or reference vector and ssn ¼
sn  s n is the difference between the true and nominal state
vectors. In an extended Kalman filter,6 the nominal vector is
4. The corresponding vector Wn in (4) of [1] is incorrectly indicated as a
2  1 matrix.
5. The corresponding (8) in [1] is incorrect (cf. [7]).
6. In this context, the term “extended” refers to the linearized
observation equation (cf. [7]).
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obtained from the estimated state trajectory ^s n , i.e., s n ¼ ^s n .
The matrix Hn is given by
Hn ¼

@h
js ¼^sn :
@ss

ð20Þ

An explicit expression for Hn is given in Appendix C.
We assumed that the model parameters, i.e., i , , and 
are known constants for our simulation studies. These
parameters, however, may vary over a serving area. In
practice, the base stations in many modern cellular networks (e.g., Sprint PCS) are capable of estimating the
propagation model parameters  and  using the training
field data consisting of pilot signals, mobile’s location
information, terrain information, etc. The parameter i can
be determined from the transmission characteristics of the
base station i. As an example, the “deciBel Planner”
software [29] developed by Northwood Technologies7
provides this capability.
We also note that the mobility tracking algorithms
described in this paper can use signal measurements other
than RSSI. For example, some networks provide time-ofarrival (TOA) information [23]. If TOA information were
used, (17) and (19) would change. An advantage of TOA is
that we would not have to rely on the signal propagation
model described in (15). On the other hand, TOA measurements require additional infrastructure involving delay lock
loops.

3

MOBILITY TRACKING ALGORITHMS

In this section, we present two mobility tracking algorithms,
MT-1 and MT-2, and discuss their accuracy and effectiveness in comparison with the LBC algorithm. We also
describe how the algorithms can be used to predict the
mobile’s future trajectory.

3.1 MT-1 Algorithm
Fig. 1a illustrates the overall structure of our proposed MT-1
mobility estimator, consisting of a prefilter, a modified
Kalman filter, and an extended Kalman filter.
3.1.1 Prefilter
The prefilter consists of an averaging filter and a coarse
position estimator, as shown in Fig. 1b. The prefilter outputs
xn ; y^n 0 ,
a vector of position estimates denoted by o^n ¼ ½^
which are used as the observation data for the modified
Kalman filter. The averaging filter reduces the shadowing
noise considerably, without significantly modifying the
path loss. The averaged RSSI measurements are then used
to generate coarse estimates of the position coordinates.
The observation vector o n as given in (17) consists of the
path loss and the shadowing component. The averaging
filter reduces the shadowing component in the observations. Different filters can be used for this purpose.
Applying a rectangular window, the output o~n of the
averaging filter is given as
o~n ¼

n
1 X
oi ;
N i¼nNþ1

7. Now part of Marconi Wireless.

ð21Þ

Fig. 1. Block diagram of MT-1 estimator. (a) Overall block diagram.
(b) Prefiltering module.

where N is the length of the window. For small N, the residual
shadowing component is quite large and yields erroneous
position estimates; however, for large N, the path loss is
modified and induces errors in the position estimates. Our
solution to this problem is to use a bank of averaging filters in
series, each with small length N, instead of a single filter of
larger length. In the filter bank arrangement, each filter
performs an averaging operation according to (21) and
provides its output as input to the next filter in series.
This averaging scheme preserves path loss and reduces
shadowing noise to a satisfactory level. Results using this
averaging scheme are shown in Fig. 2. The parameter values
are selected according to the high mobility scenario discussed
in Section 5 with shadowing standard deviation set to 6 dB.
The upper plot shows the averaged signal strength and
actual path loss of the mobile.
The averaged observations o~n are used to generate coarse
xn ; y^n 0 , which are obtained as
position coordinates o^n ¼ ½^
follows:

 
a1  a2 b1  b2 x^n
¼ 0:5
a1  a3 b1  b3 y^n
2  ~o n ð1Þ
3
2 ~
o n ð2Þ
1
e 5 þ e 5 þ a21  a22 þ b21  b22
4
5;
3 ~
o n ð3Þ
1 ~
o n ð1Þ
e 5 þ e 5 þ a21  a23 þ b21  b23
where ðai ; bi Þ; i ¼ 1; 2; 3 are the base station coordinates for
cell i. Fig. 2b shows the estimates of position generated from
the averaged RSSI and the actual position in 2-dimensional
coordinates.
From the linear dynamic mobility model, it can be
shown that the probability density function of the
^ n1 ,
prefiltered observation vector o^n conditioned on O
^
i.e., fð^
o n jO n1 Þ, is approximately Gaussian. This property
is crucial in the application of the modified Kalman filter
to be discussed next.
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Fig. 2. Performance of prefilter in MT-1 algorithm.

3.1.2 Modified Kalman Filter
The conventional Kalman filter is modified to take into
account the discrete command process un . A Bayesian-based
estimator for u n is integrated into the extended Kalman filter,
resulting in the “modified Kalman filter” structure (cf. [1],
[20], [21]). In the MT-1 estimator, it is important to note that
the input to the modified Kalman filter is the vector of
prefiltered observations o^n , rather than the vector of raw
observations o n , as in the LBC algorithm [1].
In the MT-1 algorithm, the Bayesian-based estimator for
u n is an approximation of the conditional mean of u n given
^ n ¼ ½^
o 1 ;    ; o^n 0 , of all prefiltered observathe sequence, O
tions up to time n:
X
^ n g;
^n ¼
u
lP^fu
un ¼ l j O
ð22Þ
l 2M

^ n g is approxiwhere the conditional probability P fu
un ¼ l jO
mated by
^ n g ¼ cfð^
^ n1 ÞP^fu
^ n1 g;
P^fu
un ¼ l jO
o n ju
un ¼ l ; O
un ¼ l jO

ð23Þ

with the constant c chosen such that
X
^ n g ¼ 1:
P^fu
un ¼ j jO
j 2M

^ n1 Þ is approximately Gaussian:
The density fð^
o n ju
un ¼ l ; O
0
Þ;
N ðHpre ðA^s n1 þ BllÞ; Hpre Mnjn1 Hpre

ð24Þ

where

Hpre ¼

1
0

0 0
0 0


0 0 0
:
1 0 0

ð25Þ

^ n1 g can be calcuThe approximate probability P^fu
un ¼ l jO
lated using the transition probability, al;jj , of the semiMarkov process u n as follows:
X
^ n1 g 
^ n1 g:
al;jj P fu
un1 ¼ j jO
ð26Þ
P^fu
un ¼ ljO
j 2M

The probability estimates are initialized with the initial
discrete command state probabilities l ¼ P fu
u0 ¼ l g as
^ 1 g ¼ l .
follows: P^fu
u0 ¼ l jO
The modified Kalman filter is specified as follows: The
4
^ n Þ, with
state estimate at time n is defined by ^snjn ¼ Eðssn jO
the initialization step ^s0j1 ¼ 0, where 0 is the 6  1 vector
of all zeros. The Kalman gain matrix is denoted by Kn . The
4
^ n1 Þ and
covariance matrix is defined by Mnjn1 ¼ Covðssn jO
is initialized by M0j1 ¼ I6 .
Recursion steps for MT-1 modified Kalman filter (time n):
^ n1 g ¼ P
^ n1 g:
un1 ¼ jjO
1. P^fu
un ¼ l jO
j 2M al ;jj P fu
^
^
^ n1 g:
^
^
¼ l jO n g ¼ cfð^
o n ju
un ¼ l; O n1 ÞP fu
un ¼ ljO
2. P fu
un P
^ n g:
^ n ¼ l2M l P^fu
un ¼ l jO
3. u
0
0
ðHpre Mnjn1 Hpre
Þ1 :
4. Kn ¼ Mnjn1 Hpre
o n  Hpre ^snjn1 Þ[Correction step].
5. ^snjn ¼ ^snjn1 þ Kn ð^
u n [Prediction step].
6. ^snþ1jn ¼ A^s njn þ B^
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7. Mnjn ¼ ðI  Kn Hpre ÞMnjn1 ðI  Kn Hpre Þ0 :
8. Mnþ1jn ¼ AMnjn A0 þ Q:
In the recursion part of the filter, the first three steps
correspond to the Bayesian-based estimator and the
remaining steps implement a conventional Kalman filter.

3.1.3 Extended Kalman Filter
The modified Kalman filter described above provides the
mobility state estimates ^snjn and discrete command esti^ n . However, the accuracy of the mobility state
mates u
estimates ^snjn is largely dependent on the performance of
the prefilter. Since the coarse position estimates are used as
the observations for the modified Kalman filter, the best the
filter can do is to track the coarse position coordinates. Any
inaccuracy and error in the prefilter can cause the estimator
to diverge.
To avoid this problem, we have introduced a second
(extended) Kalman filter to produce the mobility state
estimates. The extended Kalman filter, as shown in Fig. 1a,
^ n as observations
takes the averaged pilot signal strengths O
^ n from the
and the estimated discrete command states u
modified Kalman filter and generates the mobility state
estimate ^s njn . The extended Kalman filter consists of a
recursion similar to that of Section 3.1.2 (cf. [7]).
Recursion steps for MT-1 extended Kalman filter (time n):


1. Hn ¼ @h
s njn1 :
@ss s ¼^
2. Kn ¼ Mnjn1 Hn0 ðHn Mnjn1 Hn0 þ Rres Þ1 :
on  hð^s njn1 ÞÞ[Correction step].
3. ^snjn ¼ ^s njn1 þ Kn ð~
un [Prediction step].
4. ^snþ1jn ¼ A^s njn þ B^
5. Mnjn ¼ ðI  Kn Hn ÞMnjn1 ðI  Kn Hn Þ0  Kn Rres Kn0 :
6. Mnþ1jn ¼ AMnjn A0 þ Q:
The matrix Rres is used in the Kalman filter recursion as
the covariance matrix of the residual noise in the averaged
RSSI’s. A suitable matrix for Rres is I3 , where   0:01. The
overall performance of the MT-1 mobility estimator in
Fig. 1a does not depend strongly on the performance of the
prefilter since the residual noise of the prefilter is removed
by the extended Kalman filter.
3.2 MT-2 Algorithm
As discussed before, the prefilter used in the MT-1 mobility
estimation scheme requires a relatively high frequency of
pilot signal samples to be received from the same base
station, i.e., one sample per time slot, in order for the
averaging filter to reduce the shadowing noise sufficiently.
In real-time wireless systems, it is not always possible to
meet this requirement on the observation data. At times, it
is difficult to obtain a collection of measurements from the
same base station because the mobile may move out of
range from the base station or an obstruction might make
the corresponding signal difficult to measure accurately.
We have developed the MT-2 algorithm as an alternative
estimation scheme to deal with scenarios where the prefilter
cannot be used to obtain coarse position estimates effectively (cf. Section 3.1.1). Under such scenarios, the discrete
command process cannot be estimated accurately by the
MT-1 algorithm. As shown in Fig. 3, the MT-2 algorithm
consists of a single extended Kalman filter and the discrete
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Fig. 3. Block diagram for MT-2 estimator.

command process is treated as additional noise. Here, the
total noise covariance matrix is given by
~ ¼ Q þ BE½ðu
un Þðu
un  E½u
un Þ0 B0 ;
Q
un  E½u

ð27Þ

where the matrix Q, the covariance matrix of wn , is given in
Appendix B. The discrete command process u n consists of
two zero-mean independent semi-Markov processes, so the
covariance matrix of u n is given by
E½ðu
un  E½u
un Þðu
un  E½u
un Þ0  ¼ 2u I2 ;

ð28Þ

where 2u is the variance of ux and uy . Although the noise
process in this case, i.e., Bu
un þ wn , is not white noise, we
ignore the correlation between the noise samples.
The recursion steps in the extended Kalman filter of Fig. 3
are similar to that of the extended Kalman filter described in
Section 3.1.3 and are given as follows:
Recursion steps for MT-2 extended Kalman filter (time n):


1. Hn ¼ @h
@ss s ¼^s njn1 :
2. Kn ¼ Mnjn1 Hn0 ðHn Mnjn1 Hn0 þ RÞ1 :
3. ^snjn ¼ ^snjn1 þ Kn ðoon  hð^snjn1 ÞÞ[Correction step].
4. ^snþ1jn ¼ A^s njn [Prediction step].
5. Mnjn ¼ ðI  Kn Hn ÞMnjn1 ðI  Kn Hn Þ0  Kn RKn0 :
~:
6. Mnþ1jn ¼ AMnjn A0 þ Q

3.3 Comparison with LBC Algorithm
The LBC estimator proposed in [1] consists only of the
modified Kalman filter, which takes the raw observation data
as input and produces mobility state estimates. In this case,
the Bayesian-based estimator in the modified Kalman filter
approximates the conditional probability density of the pilot
signal strengths given the vector of previous observations
u n1 Þ;
On1 with a Gaussian density, i.e., N ðHn ðA^s n1 þ B^
4
Hn Mnjn1 Hn0 þ RÞ (cf. (43) of [1]). The matrix Mnjn1 ¼
Covðssn jO
On1 Þ is the covariance matrix and the transformation
matrix Hn is given in (20). This assumption turns out to be
inaccurate and can lead to divergence of the LBC estimator.
An approximation for the conditional probability density
function of each element of the observation vector, i.e., the
pilot signal strengths pn;i , conditioned on the past observations is given in Appendix D.
In our numerical studies (see Section 5), we have found
that the Bayesian-based estimator can give inaccurate
estimates of u n , primarily due to the approximation of the
density fðoon jO
On1 Þ by a Gaussian density. The inaccuracy in
^ n leads to divergence of the modified
the estimates u
Kalman filter. Consequently, the LBC estimator is not able
to track a mobile station that undergoes sudden changes in
acceleration. To solve this inherent problem of the LBC
estimator, the MT-1 algorithm preprocesses the RSSI
measurements using the prefilter to extract the observations
suitable for the modified Kalman filter. In MT-1, the
modified Kalman filter from the LBC scheme is retained,
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but its input consists of coarse position estimates from the
prefilter, rather than the raw RSSI measurements. Furthermore, in the MT-1 algorithm, the modified Kalman filter is
used only to generate estimates of the discrete command
process and a second (extended) Kalman filter is used to
yield mobility state estimates using the discrete command
estimates and averaged RSSI measurements as inputs. The
combination of two Kalman filters in the MT-1 estimator
performs much better than the LBC estimator.
In the MT-2 algorithm, the discrete command process u n
is not estimated explicitly, but is treated as additional noise.
The structure of the MT-2 estimator is simpler than that of
the LBC estimator because it does not include the Bayesianbased estimator for the discrete command process. Thus,
the MT-2 algorithm avoids the inherent inaccuracy of the
Bayesian-based estimator used in the LBC algorithm. Our
numerical results (cf. Section 5) show that MT-2 consistently
outperforms the LBC algorithm.

3.4 Mobility Prediction
Under the dynamic mobility model discussed in Section 2,
knowledge of the mobility state information at a given time
t0 allows us to predict the mobility state at a time t in the
future. The predicted state ~s t of a mobile node at time t is
given as follows, assuming that the state estimate s^t0 at time
t0 is available:
~st ¼ Aðt  t0 Þ^s t0 ;

ð29Þ

where Aðt  t0 Þ ¼ I2  A1 ðt  t0 Þ. The matrix A1 is given in
(32). The error covariance matrix Mtt0 for the predicted
mobility state is given by
Mtt0 ¼ Aðt  t0 ÞMt0 Aðt  t0 Þ0 þ 2u Bðt  t0 ÞBðt  t0 Þ0
þ Qðt  t0 Þ;
ð30Þ
where Mt0 ¼ Covð^s t0 Þ, 2u is the variance of ux and uy , Bðt  t0 Þ
¼ I2  B1 ðt  t0 Þ, and Qðt  t0 Þ ¼ 221 I2  Q1 ðt  t0 Þ. The
matrices B1 and Q1 are given in (32) and (33).
Mobility prediction can play a key role in advanced
resource management schemes that anticipate the future
resource needs of a mobile station. Some promising
applications include smooth handoff [1] and fast wireless
Internet service provisioning [5]. It is important to note that
in using the mobility prediction information (29), one must
take into account the degree to which the prediction error
grows with time, as indicated by (30).

4

MOBILITY STATE OBSERVABILITY

As discussed before, three measurements of pilot signals are
needed to locate the mobile unit in two-dimensional space. In
real systems, it is not always possible for the mobile to obtain
signal measurements from three independent base stations.
At times, the mobile may not be able to obtain accurate
measurements from at least three pilots as the signals coming
from farther base stations may become very weak. In the
estimation scheme of Liu et al. [1], the observation set at each
sampling instant is assumed to consist of independent RSSI
measurements from three different base stations. However,
by considering the observability properties of the mobility
model, we shall show that mobility tracking can be performed
with fewer than three independent RSSI measurements. It is
well-known that the Kalman filter can yield meaningful
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estimates of the system state only if the underlying system is
observable [30].
Since the RSSI measurements are nonlinear functions of
the mobility state as given in (17), the Jacobian of the
transformation function hðssn Þ, i.e., Hn (cf. (20) and
Appendix C) is used to determine observability of the
system. The system of (12) is observable over the interval
½n0 ; n1  if and only if the columns of the matrix Oobs ðnÞ ¼
Hn ðn0 ; nÞ are linearly independent functions of n over
½n0 ; n1 , where ðn0 ; nÞ is the state-transition matrix of the
system (cf. [31]). For the discrete-time realization of the
system (cf. (12)), the matrix ðn0 ; nÞ ¼ Ann0 , where A is
given in Appendix A. By examining the structure of the
observability matrix Oobs ðnÞ ¼ Hn Ann0 , as given in Appendix E, the system observability can be characterized more
simply as follows:
Proposition 1. The system of (12) is observable over the interval
½n0 ; n1  if and only if x ðnÞ 6¼ cyyðnÞ for each n over ½n0 ; n1 ,
where c is a constant, x ðnÞ ¼ ðxn  a1 ; xn  a2 ; xn  a3 Þ, and
y ðnÞ ¼ ðyn  b1 ; yn  b2 ; yn  b3 Þ.
Proposition 1 implies that the system is observable
under fairly general conditions when three independent
RSSI measurements are available at each time slot, as
should be expected from geometric considerations. When
only two RSSI measurements per time slot are available,
say from base stations 1 and 2, the observability condition
reduces to the inequality of the vectors ðxn  a1 ; xn  a2 Þ
and cðyn  b1 ; yn  b2 Þ as functions of n over the interval
½n0 ; n1 . Therefore, in principle, two independent RSSI
measurements per time slot can be sufficient for mobility
tracking. Similarly, with only one RSSI measurement, say
from base station 1, the observability condition reduces to
the inequality of the functions ðxn  a1 Þ and cðyn  b1 Þ over
the interval ½n0 ; n1 . In this case, if the movement of the
mobile remains linear for the length of the interval ½n0 ; n1 ,
then the observability condition is not satisfied, i.e.,
ðxn  a1 Þ ¼ cðyn  b1 Þ, and estimates of the mobility states
cannot be found.
We remark that collecting observations beyond a certain
time window has a negligible effect on the observability of
the system. The bound on the effective observation window
is due to the characteristics of the linear dynamic system
model of user’s mobility. In this model, the autocorrelation
between the random acceleration of the mobile station at
time t and t þ  decays exponentially as  increases
(cf. Section 2). This decay depends on the time-coefficient
of acceleration , with larger  implying faster decay. From
Appendix E, one can see that the effect of larger  is to
reduce the effective observation window, as subsequent
observations beyond the window become less relevant to
mobility state estimation at the initial time n0 .
Of course, besides the observability criterion of Proposition 1, there are other factors involved in determining the
effectiveness of the mobility tracking. In general, the
estimation error is reduced when more independent
observations are available. Our numerical results (see
Section 5) show that the simplified mobility tracking
algorithm MT-2 performs well even when only two
independent RSSI measurements are available.
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Fig. 4. Performance of MT-1 and LBC algorithms.

5

NUMERICAL RESULTS

In our numerical experiments, random mobile trajectories
are generated in Matlab using the dynamic state model
given in (12). The position coordinates are specified in units
of meters. The parameters determining the autocorrelation
function of the random acceleration process r ðtÞ are set as
follows (cf. (4)):  ¼ 1000 s1 and 1 ¼ 1 dB. The covariance
matrix R of n (cf. (17)) is determined by setting the
parameter  ¼ 6 dB. The state vector s ðtÞ is initialized to
the zero vector.
The discrete command processes ux ðtÞ and uy ðtÞ are
independent semi-Markov processes, each taking on five
possible levels of acceleration comprising the set L ¼ f5,
2:5, 0, 2:5, 5g in units of m=s2 . This set of acceleration levels is
capable of generating a wide range of dynamic motion. We
refer to this selection as the high mobility scenario. The sampling
interval is set to T ¼ 0:1s. The initial probability vector  for
the HSMM is initialized to the uniform distribution. The total
duration of each sample trajectory is N ¼ 600 sample points,
which corresponds to 2 minutes. The elements of the
transition probability matrix Ah are initialized to a common
value of 1=5. We assume that the dwell times in each state are
uniformly distributed with a common mean value of 2 s. The
parameter i is assumed to be zero for all cells i.
Fig. 4 shows a typical sample mobile trajectory,8 generated by the dynamic state model with the given parameter
values. The figure also shows estimated trajectories obtained
from the LBC algorithm and the MT-1 algorithm, respectively. The figure shows that the LBC algorithm fails to track
the actual trajectory, particularly when there are sharp or
sudden changes in direction. We remark that standard GPS
techniques would also fail to track the sudden accelerations
produced by the dynamic state model with the given
parameter settings. On the other hand, MT-1 is able to follow
the curves of the actual trajectory with reasonably good
8. The starting point is at ð0; 0Þ.

accuracy. We remark that the sample trajectories corresponding to the specified parameter values are considerably more
dynamic than those of an actual mobile station in a live
network environment. They provide a good benchmark to
evaluate the robustness and accuracy of mobility tracking
algorithms.
We use root mean squared error (RMSE) as a figure of
merit to compare a given trajectory fxn ; yn g and its
estimated trajectory f^
xn ; y^n g:
vﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
u N
u1 X
½ð^
xn  xn Þ2 þ ð^
yn  yn Þ2 :
ð31Þ
RMSE ¼ t
N n¼1
Table 1 shows the sample mean and variance of the RMSE
statistic computed using more than 500 independently
generated sample trajectories. We denote the selection of
acceleration levels between 5 to 5 m=s2 as the high mobility
scenario in Table 1. To evaluate the comparative performance of MT-1 and MT-2 with LBC under low mobility
conditions more typical for actual cellular networks, we also
perform a set of simulations for the discrete command levels
selected from L ¼ f0:5; 0:25; 0; 0:25; 0:5gm=s2 . The respective results are listed under the “low mobility scenario”
column in Table 1. In the scenarios of Table 1, three base
stations provide independent RSSI measurements at each
time slot. The performance of the mobility tracking algorithms is evaluated when the parameter  is set to 6 dB and 8
dB. Recall that  determines the covariance matrix of the
observation noise (cf. (17)).
Table 1 provides a quantitative comparison of the relative
merits of the MT-1, MT-2, and LBC estimators, which
confirms the qualitative implications of Fig. 4. The table
shows that under perfect observation conditions for prefiltering, the MT-1 estimator achieves the best performance. The
MT-2 estimator performs reasonably well and clearly outperforms the LBC estimator. The performance degradation of
the LBC estimator is observed to be much greater than that of
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TABLE 1
RMSE of Tracking Algorithms

Fig. 5. Example of mobility prediction.

MT-1 and MT-2 when the noise level in the observation data is
increased.
Table 1 also shows performance degradation for the LBC
estimator when the trajectories are more dynamic although
the other tracking algorithms show stable or even better
performance for the high mobility scenario. In our numerical
analysis, we also performed simulations for the lower
mobility conditions and MT-1 and MT-2 consistently perform
better than LBC. We conclude that MT-1 and MT-2 achieve
better performance than LBC over a wide range of mobility
scenarios and wireless propagation environments.
Table 1 also provides a quantitative performance
comparison of MT-1 and MT-2 with the sequential Monte
Carlo (SMC) approach to mobility tracking (cf. [2]). The
number of samples is selected to be 800 corresponding to
the best estimator described in [2]. The initial mobility state
samples are initialized as zero vectors and their respective
weights are initialized to unity. Table 1 shows that although
SMC provides better performance than LBC, the MT-1 and

MT-2 estimators both outperform the SMC estimator for all
tested scenarios of mobility and propagation environments.
The MT-1 and MT-2 estimators are also computationally
simpler than the SMC algorithm.
Fig. 5 shows a sample trajectory of a mobile user in a
cellular network, along with the estimated and predicted
trajectories under the MT-1 algorithm. The predicted
trajectory is a straight line that starts in the upper righthand corner of the figure at the point ð125; 85Þ. Observe
that the predicted trajectory initially stays close to the
estimated trajectory and then deviates from it over time.
The deviation indicates the increase in prediction error or,
more precisely, the prediction uncertainty. An important
point to be noted here is that although prediction error
increases with time, the estimation error is independent of
time once the Kalman filter reaches the steady state.
The performance of the mobility tracking algorithms
under a scenario of limited observation data is shown in
Fig. 6. In the scenario for Fig. 6, the mobile unit selects, in each
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Fig. 6. Performance of mobility tracking algorithms under limited observation data.

time slot, three RSSI measurements from a set of nine base
stations in its vicinity to form an active set. In practice, the three
strongest RSSI measurements would be selected. In order to
simulate the effect of the dynamic changes to the active set of
three base stations over time, the active set changes from time
slot to time slot in the sequence f1; 2; 3g, f4; 5; 6g, f7; 8; 9g, and
repeats. Thus, an RSSI measurement from a given base station
is available only once every three time slots. This scenario was
chosen to reflect similar patterns observed in test drives of an
actual CDMA network. As can be seen in Fig. 6, only the MT-2
algorithm is able to track the mobile trajectory accurately. In
this case, the prefilter in the MT-1 algorithm is ineffective,
resulting in inaccurate discrete command estimates. In the
LBC algorithm, the discrete command estimates are also
inaccurate, although for a different reason (cf. Section 3.3).
In Fig. 7a, a sample trajectory is estimated using the MT-2
algorithm for the following different cases of observation data
availability:
w 1 obs, 1 BS: One RSSI measurement per time slot
from one base station.
. w 1 obs, 2 BS: One RSSI measurement per time slot
alternately from two base stations.
. w 2 obs: Two independent RSSI measurements per
time slot.
. w 3 obs: Three independent RSSI measurements per
time slot.
The initial position of the sample trajectory of Fig. 7a is
shown by “*” whereas the estimated trajectories are
initialized at the origin. When three independent RSSI
measurements are available per time slot, the MT-2
estimator converges fastest to the true trajectory. When
two RSSI measurements are available per time slot, convergence occurs more slowly. The worst case shown is when
only one observation from a single base station is available
throughout the course of trajectory estimation. In this case,
the MT-2 estimator fails to track the given trajectory.
.

An explanation of this last case in terms of the observability arguments of Section 4 is given as follows: Since  ¼
1000 s1 and T ¼ 0:1 s, the observation window is approximately 5, i.e., 0.5 seconds (see Appendix E). During this short
time window, the movement of the mobile remains
approximately linear and, consequently, the system is not
observable (cf. Section 4). However, the estimation performance improves significantly if two base stations supply one
observation per sampling interval alternately. Thus, involving RSSI measurements from another base station helps to
satisfy the observability criterion.
For the cases where fewer than three observations are
available, the estimation performance is largely determined
by the observability criteria. The estimators are not dependable for the intervals when the system is unobservable. Also,
more observations provide more redundancy to overcome
the observation noise. In the case where three observations
are available, the estimator performs equally well regardless
of whether or not prior knowledge of the mobile (i.e., initial
location) is known.
In Fig. 7b, the performance of MT-2 is shown for different
numbers of observations available at each sampling instant
when some prior knowledge of the initial position of the
mobile unit is given. This situation may occur when, for
example, the number of independent RSSI measurements
suddenly reduces from three to two and the most recent
position estimate effectively initializes the future iterations
of the tracking algorithm on the reduced observation data
set. In practice, pilot signals from one or more of the base
stations in the active set may become corrupted due to path
obstructions during a call and, hence, the active set may have
to be reduced in size. With prior knowledge of the mobile’s
position, the availability of two independent RSSI measurements yields similar performance as in the case with three
independent RSSI measurements. When only one observation is available in alternate time slots from two base
stations, we observe a reduction in tracking performance. As
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Fig. 7. Performance of MT-2 algorithm with different observation data. (a) When no prior knowledge of initial location is available. (b) When prior
knowledge of initial location is available.

shown in Fig. 7b, when observations are available only from
a single base station, the MT-2 estimator diverges, even
though the initial position of the mobile is given.

6

CONCLUSION

We have proposed two algorithms, called MT-1 and MT-2,
for mobility tracking in cellular networks using RSSI
measurements. Both MT-1 and MT-2 are based on a dynamic
system model of mobility and employ variants of the
Kalman filter in the estimation process. The mobility model,
originally proposed for tracking targets in tactical weapons

systems, can capture a large range of mobility by modeling
acceleration as driven by a discrete command process. The
proposed mobility tracking algorithms are able to follow
mobile trajectories more accurately than the LBC algorithm
proposed earlier by Liu et al. [1]. A defect of the LBC
algorithm is that it relies on the incorrect assumption that the
probability density of the current observation at any time
conditioned on the previous observations is Gaussian. As a
result, the LBC algorithm can diverge even under relatively
simpler mobility scenarios.
The MT-1 algorithm avoids this problem by 1) employing a prefilter to obtain coarse position estimates prior to the
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application of the modified Kalman filter and 2) decoupling
mobility state estimation from estimation of the discrete
command process. The MT-2 algorithm consists of a single
extended Kalman filter, wherein the discrete command
process is treated as additional noise. Under certain
scenarios of limited observation data where MT-1 fails,
MT-2 is able to track mobility with adequate accuracy. In all
of our numerical experiments, both MT-1 and MT-2
outperform the LBC algorithm by a large margin. The
MT-1,2 algorithms also compare favorably against the SMC
mobility tracking algorithm proposed in [2].
Requirements on the observation data for the tracking
algorithms were also investigated and observability arguments from systems theory suggested that mobility tracking
could be achieved with fewer than three independent RSSI
measurements from base stations. Our numerical results
showed that two independent RSSI measurements were
sufficient for mobility tracking but a single RSSI measurement was not. The proposed mobility tracking algorithms can
be used in mobility-based resource allocation schemes such
as fast IP handoff [3] and precaching of Web proxy servers [5].
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q11 ¼ ð1  e2T þ 2T þ 23 T 3 =3  22 T 2  4T eT Þ
=ð25 Þ;
q12 ¼ ðe2T þ 1  2eT þ 2T eT  2T þ 2 T 2 Þ=ð24 Þ;
q13 ¼ ð1  e2T  2T eT Þ=ð23 Þ;
q22 ¼ ð4eT  3  e2T þ 2T Þ=ð23 Þ;
q23 ¼ ðe2T þ 1  2eT Þ=ð22 Þ;
q33 ¼ ð1  e2T Þ=ð2Þ:
ð33Þ

APPENDIX C
TRANSFORMATION MATRIX
OBSERVATIONS

OF

LINEARIZED

The matrix Hn in the linearized observation (19) is given by
2
3
h n;1
Hn ¼ 5 4 h n;2 5;
h n;3
where hn;i is the ith row of Hn with
hn;i ¼

2
ðxn  ai ; 0; 0; yn  bi ; 0; 0Þ;
d2n;i

for i ¼ 1; 2; 3.

The matrices A and B are given by:9
Z tþT
~
~
~d:
A ¼ eAT ; B ¼
eAðtþT Þ B

APPENDIX D
PROBABILITY DENSITY FUNCTION

t

Using standard techniques from matrix algebra, the
matrices can be written as
A ¼ I2  A1 ðT Þ;

VOL. 4,

OF

RSSI

The conditional probability density function (pdf) of the
mobility state vector conditioned on the past observations is
approximately Gaussian (cf. [1]), i.e.,
fðssn jO
On1 Þ  N ðA^s n1 þ B^
u n1 ; Mnjn1 Þ;

B ¼ I2  B1 ðT Þ;

ð34Þ
4

where
2

3
a
5;
b
eT

1 T
A1 ðT Þ ¼ 4 0 1
0 0

2

3
c
B1 ðT Þ ¼ 4 a 5;
b

ð32Þ

and
a ¼ ð1 þ T þ eT Þ=2 ;
b ¼ ð1  eT Þ=;
c ¼ ð1  T þ

APPENDIX B
COVARIANCE MATRIX

2 2
T  eT Þ=2 :
2

where O n1 ¼ ðoon1 ; ::::; o 1 Þ and the matrix Mnjn1 ¼
Covðssn jO
On1 Þ is the covariance matrix. Thus, the position
coordinates of the mobile ðxn ; yn Þ conditioned on O n1 can
be approximated by Gaussian random variables with (mean,
variance) given by ð x ; 2x Þ and ð y ; 2y Þ, respectively. These
quantities can be obtained from the mean and covariance
matrices of the mobility state vector as defined in (34). The
pdf of the distance, dn;i , of the mobile from a base station in
cell i at sampling time n is given by
fdn;i ð Þ ¼

2x y

gð Þ;

where
OF

DISCRETE WHITE NOISE

10

The matrix Q is given by

Q ¼ 221 I2  Q1 ðT Þ;
where Q1 ðT Þ ¼ ½qij  is a symmetric 3  3 matrix with upper
triangular entries given as follows:
9. The expression for the matrix B given in (36) of [1] is incorrect.
10. This expression is equivalent to (37) in [1].

4

gð Þ ¼

Z

2

exp
0

ð cos  ð
22x

x

 ai ÞÞ2




sin  ð y  bi Þ
22y

2 !
d ;

and ðai ; bi Þ are the coordinates of base station i. The path
loss for cell i is hi ¼ i  10 logðdn;i Þ, where the pdf of hi is
given by
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fh i ð Þ ¼

 i  
i 
1
e 5 g e 10 :
20x y

The conditional pdf of the pilot signal strength pn;i given
the previous observations is approximated by
On1 Þ ¼
fpn;i ð jO

1
1
qﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
20x y 22

Z

1

e

i 
5

e

ð  Þ2
22

 i  
g e 10 d :

1

The above expression cannot be evaluated in closed form.
Numerical integration might be a possible solution, but is
time-consuming and, therefore, unsuitable for real-time
mobility estimation.

n over ½n0 ; n1 ], where c is a constant and xðnÞ and yðnÞ are
the vector functions xðnÞ ¼ ðxn  a1 ; xn  a2 ; xn  a3 Þ and
yðnÞ ¼ ðyn  b1 ; yn  b2 ; yn  b3 Þ.
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